Abstract. We define some new kinds of pseudoprimes to several bases, which generalize strong pseudoprimes. We call them Sylow p-pseudoprimes and elementary Abelian p-pseudoprimes. It turns out that every n < 10 12 , which is a strong pseudoprime to bases 2, 3 and 5, is not a Sylow p-pseudoprime to two of these bases for an appropriate prime p|n − 1.
Introduction
The definition of strong pseudoprimes is based on the fact that in a finite field the equation X 2 = 1 has at most two solutions 1 and −1. In the present paper we define more general pseudoprimes using a similar idea. In a finite field the equation X r = 1 has at most r solutions, for every r ≥ 2. Thus if for some n the congruence X r ≡ 1 (mod n) has more than r solutions, then n is composite. In our definition we consider several bases simultaneously to get many solutions of this congruence.
We give examples of strong pseudoprimes n to several bases b 1 , . . . , b k which are not pseudoprimes in the new sense. In other words, no number b j (1 ≤ j ≤ k) is a witness for n individually, but the set {b 1 , . . . , b k } is a witness for n; i.e., some properties of the set imply that n is composite.
Definitions
Let n > 1 be odd and let p be a prime divisor of n − 1. More precisely, let n − 1 = p r m, where r > 0 and p m. Let b 1 , . . . , b k be some residues modulo n prime to n, and denote
If n is a prime number, then (Z/n) * is a cyclic group of order n−1. Consequently
It follows that also the subgroup In particular, for p = 2, it is a subgroup of {−1, 1}.
Since the Sylow p-subgroup of G is generated by a 1 , . . . , a k , condition (2 ) can be stated equivalently as (2 ) If, say, ord(a 1 ) ≥ ord(a j ), for j = 1, . . . , k, then a 2 , . . . , a k belong to the group generated by a 1 .
To reformulate (3 ), we need the following notation. For j = 1, . . . , k, let
Thus c j is an element of order 1 or p.
Evidently the maximal elementary Abelian p-subgroup of G is generated by c 1 , . . . , c k . Consequently (3 ) can be stated equivalently as
. . , c k belong to the group generated by c 1 . In particular, for p = 2, every c j is equal to 1 or −1.
Finally, from (4 ) 
Definition.
(i) We call a composite number n satisfying (1 ) a p-pseudoprime to bases
We call a composite number n satisfying (1 ), (2 ) and (4 ) a Sylow p-pseudoprime to bases b 1 , . . . , b k , and we use the notation
(iii) We call a composite number n satisfying (1 ), (3 ) and (4 ) 
In particular, elementary Abelian 2-pseudoprimes to bases b 1 , . . . , b k are strong pseudoprimes to these bases. Therefore in place of
3. Remarks 1. Condition (2 ) and condition (3 ) for p > 2 are nontrivial only, if k > 1, i.e., if we consider at least two bases. Conditions (4), (4 ) and (4 ) give some information also if k = 1. 2. Every Sylow p-pseudoprime to bases b 1 , . . . , b k is a fortiori an elementary Abelian p-pseudoprime to the same bases; thus
If moreover p n − 1, then the first two sets are equal. Tables 1 and  2 show that usually very small prime divisors p of n − 1 suffice, namely 2, 3 or 5 with only one exception. 5. Evidently, if a positive integer n satisfies (1) and does not satisfy at least one of the above conditions (2)- (4 ) for some prime divisor p of n − 1, then n is composite. There are fast primality proving techniques available if n − 1 is completely or even partially factored (see [KP] and [BLS] ). Our examples suggest that the necessary information on prime divisors of n − 1 can be further reduced.
Examples
We illustrate the above definitions by some known examples (see [J] , [PSW] ) of strong pseudoprimes n to several bases b 1 , . . . , b k . For some small prime divisors p of n − 1 and for bases b 1 , . . . , b k we write down the sequences
If a p t j = 1, for some t, we omit the next terms of the sequence since they are equal to 1. 2 ≡ 210440 ≡ c 2 (mod n), it follows that condition (2 ) is not satisfied. Hence n is composite, and n is not Elem 3 -psp (2, 3). A fortiori it is not Syl 3 -psp (2, 3). We have replaced last digits of large numbers by dots since these digits are not important for our purposes.
For b j ∈ {7, 11, 13, 17} we have a 8 j = −1, and for b 9 = 19 we have a 4 9 = −1. Therefore n is spsp (2, 3, 5, 7, 11, 13, 17, 19) . Since a . Consequently the group G is not cyclic. Therefore in view of (2 ) n is composite and n / ∈ Syl 2 -psp (2, 3). We list the following numbers which are strong pseudoprimes to several bases (see [J] ). The numbers n 1 and n 7 have been discussed in the above examples; we include them here for completeness.
n 1 = 829 · 1657 = 1373653,
Tables
The above numbers n j satisfy (1) but do not satisfy some conditions of (2 )-(4 ). Hence they are composite and are not elementary Abelian (respectively, Sylow) ppseudoprimes to some bases, as is shown in Table 1 . Let us remark that every number n j (j = 1, . . . , 9) does not belong to some Syl p -psp (b 1 , b 2 ), where p = 2 or 3 and b 1 , b 2 ∈ {2, 3, 5} are appropriate bases.
The computations have been done using the GP/PARI package, version 1.39. We reproduce from [J] the list of all strong pseudoprimes n < 10 12 to bases 2, 3 and 5. We have verified that for every n in the list (with one exception) there exists a prime p ∈ {2, 3, 5} and a basis b 1 , b 2 ∈ {2, 3, 5} such that some of the conditions (2 )-(4 ) are not satisfied. In some cases it is sufficient to consider only the one-element basis, when we use condition (4 ). It follows that n is composite, and n / ∈ Syl p -psp (b 1 , b 2 ). The results are given in Table 2 . The exceptional number n (No. 73 in Table 2 ) satisfies n − 1 = 2 2 · 5 · 13 · . . . . Moreover, n ∈ Syl p -psp (2, 3, 5) for p = 2 and 5, but n / ∈ psp 2 (13) ∪ psp 5 (13). 3, 5, 7, 11, 13 2 2, 3, 5, 7, 11, 13 YES 3 2 , 3 N O n6 2, 3, 5, 7, 11, 13, 17 2 2,17 NO 3 3 , 5 N O n7 2, 3, 5, 7, 11, 13, 17, 19 2 2 , 3 N O n8 2, 3, 5, 7, 11, 13, 17, 19, 23 2 2,11 NO 3 2 N O n9 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 2 2,7 NO 3 2 , 5 N O 
